DIFFERENTIABILITY OF FUNCTIONS OF CONTRACTIONS 



V.V. PELLER 



Abstract. In this paper we study differentiability properties of the map T i— > <p(T), 
where ip is a given function in the disk-algebra and T ranges over the set of contractions 
on Hilbert space. We obtain sharp conditions (in terms of Besov spaces) for differentia- 
bility and existence of higher derivatives. We also find explicit formulae for directional 
derivatives (and higher derivatives) in terms of double (and multiple) operator integrals 
with respect to semi-spectral measures. 

1. Introduction 

The purpose of this paper is to study differentiability properties of functions 

for a given function ip analytic in the unit open disk D and continuous in the closed 
disk (in other words ip belongs to the disk-algebra Ca), where T ranges over the set of 
contractions (i.e., operators of norm at most 1) on Hilbert space. 
Recall that by von Neumann's inequality, 

\\<p(T)\\ < max |^(C)| (1.1) 

for an arbitrary contraction T on Hilbert space and an arbitrary polynomial ip. This 
allows one to define a functional calculus 

ip i-> <p(T), p G C A , 

for an arbitrary contraction T. Moreover, for this functional calculus von Neumann's 
inequality holds (1.1) holds. 

For contractions T and R on Hilbert space, we consider the one-parameter family of 
contractions 

T t = (1 - t)T + tR, 0<t<l, 
and we study differentiability properties of the map 

t » <p(T t ) (1.2) 

for a given function <p in Ca- 

The study of the problem of differentiability of functions of self-adjoint operators on 
Hilbert space was initiated By Daletskii and S.G. Krein in [DK]. They showed that for 
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a function / on the real line R of class C 2 and for bounded self-adjoint operators A and 
B the function 



t^f(A + tB) (1.3) 

is differentiable in the operator norm and the derivative can be computed in terms of 
double operator integrals: 

±,(A + tB)^ = / f OSlzm iEA(x) B d E A(y) , (1.4) 

RxR 

where E A is the spectral measure of A. The expression on the right is a double operator 
integral. The beautiful theory of double operator integrals due to Birman and Solomyak 
was created later in [BS1], [BS2], and [BS3] (see also the survey article [BS4]). 

The condition / € C 2 was relaxed by Birman and Solomyak in [BS3]: they proved 
that the function (1.3) is differentiable and the Daletskii-Krein formula (1.4) holds under 
the condition that / is differentiable and the derivative /' satisfies a Holder condition 
of order a for some a > 0. The approach of Birman and Solomyak is based on their 
formula 

f(A + B)-f(A)= [[ IM^IM d E A+B (x)BdE A (y). (1.5) 
J J x-y 

Rxl 

Actually, Birman and Solomyak showed in [BS3] that formula (1.5) is valid under the 
condition that the divided difference T>f is a Schur multiplier of the space of all bounded 
linear operators (see §2.2 for the definitions). 

However, it follows from the results of Farforovskaya in [Fa] that the condition / € C 1 
is not sufficient for the differentiability of the map (1.3). 

A further improvement was obtained in [Pe2]: it was shown that the the function (1.3) 
is differentiable and (1.4) holds under the assumption that / belongs to the Besov space 
B^ ol (R) (see subsection 2.5). Moreover, in [Pe2] a necessary condition was also found: 
/ must locally belong to the Besov space -E>i(R) = fi^(R). This necessary condition 
also implies that the condition / G C 1 is not sufficient. Actually, in [Pe2] a stronger 
necessary condition was also obtained, see § 2.3 for a further discussion. Finally, we 
mention another sufficient condition obtained in [ABF] which is slightly better than the 
condition / £ 5^ ol (R), though I believe it is more convenient to work with Besov spaces. 

Note that similar results were obtained in [Pe5] in the case when A is an unbounded 
self-adjoint operator and B is a bounded self-adjoint operator. 

The problem of the existence of higher derivatives of the function (1.3) was studied 
in [St] where it was shown that under certain assumptions on /, the function (1.3) has 
second derivative that can be expressed in terms of the following triple operator integral: 

^Lf(A + tB)\ t=Q = (X>V) (x,y,z)dE A (x)BdE A (y)BdE A (z), 

Kxlxl 

where T> 2 (p stands for the divided difference of order 2 (see §2 for the definition). To 
interpret triple operator integrals, repeated integration was used in [St]. However, the 
class of integrable functions in [St] was rather narrow and the assumption on / imposed 
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in [St] for the existence of the second operator derivative was too restrictive. Similar 
results are also obtained in [St] for the nth derivative and multiple operator integrals. 

In [Pe9] a new approach to multiple operator integrals was given. It is based on 
integral projective tensor products of L°° spaces and gives a much broader class of 
integrable functions than under the approach of [St]. It was shown in [Pe9] that under 
the assumption that / belongs to the Besov space 5^ 3l (R) the function (1.3) has n 
derivatives and the nth derivative can be expressed in terms of a multiple operator 
integral. Similar results were also obtained in [Pe9] in the case of an unbounded self- 
adjoint operator A. 

Note that Besov spaces S^ )1 (R) arise in operator theory on many different occasions, 
see [Pel], [Pe4], [Pe6], [Pe8]. 

Let us mention here another formula by Birman and Solomyak (see [BS4]) for com- 
mutators. Suppose that A is a self-adjoint operator and Q is a bounded linear operator. 
Then 

f(A)Q - Qf(A) = U f{x) x = f y {y) dE A (x) (AB - BA) dE A (y), (1.6) 

RxR 

which is also valid under the assumption that T>f is a Schur multiplier of the space of 
all bounded linear operators. 

To study the problem of differentiability of functions of unitary operators, we should 
consider a Borel function / on the unit circle T and the map 

U^f(U), 

where U is a unitary operator on Hilbert space. If U and V are unitary operators and 
V = e U, where A is a self-adjoint operator, we can consider the one-parametric family 
of unitary operators 

e itA U, < t < 1, 
and study the question of the differentiability of the function 

t i ^ (e itA U) 

and the question of the existence of its higher derivatives. The results in the case of 
unitary operators are similar to the results for self-adjoint operators, see [BS3], [Pe2], 
[ABF], [Pe9]. 

In this paper we study the case of functions of contractions. This study was initiated 
in [Pe3], where the Lipschitz property was studied. Recently, in [KS] new results on 
operator Lipschitz functions of contractions were obtained, see § 2.3 for more detailed 
information. 

It turns out that the right tool to study differentiability properties of functions of 
contractions is double (and multiple) operator integrals with respect to semi-spectral 
measures. Note that even if both contractions T and R are unitary operators, the 
differentiability problem for this pair is different from the differentiability problem for 
unitary operators. 

In § 3 we define double and multiple operator integrals with respect to semi-spectral 
measures. In §4 we obtain an analog of the Birman-Solomyak formulae (1.5) and (1.6) 
for semi-spectral measures. Then we obtain in § 5 conditions on a function ip £ Ca 
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for the differentiability of the map (1.2) in the operator norm as well as conditions for 
the existence of higher operator derivatives. We also obtain in § 5 formuale for the 
derivatives of (1.2) in terms of multiple operator integrals with respect to semi-spectral 
measures. Finally, in § 6 we study the problem of differentiability of the function (1.2) 
in the Hubert-Schmidt norm. 

In § 2 we give necessary information on Besov spaces, double and multiple operator 
integrals, and semi-spectral measures. 

I would like to express my gratitude to Victor Shulman for stimulating discussions. 



2. Preliminaries 



We are going to collect in this section necessary information on Besov spaces, double 
operator integrals, multiple operator itegrals, and semi-spectral measures. 

2.1. Besov spaces. Let 1 < p, q < oo and sgR. The Besov class Bp q of functions 
(or distributions) on T can be defined in the following way. Let w be a piecewise linear 
function on R such that 



w > 0, suppttJ C 



Mi) = i, 



and w is a linear function on the intervals [1/2, 1] and [1, 2]. 

Consider the trigonometric polynomials W n , and wf defined by 

W n (z) = Y J ™(^) z k , n>l, W (z) = z+l+z, and W*{z) = Wjf), n > 0. 

Then for each distribution ip on T, 

<P = ^2v*W n + ^2(p* W*. 

n>0 n>l 

The Besov class B* q consists of functions (in the case s > 0) or distributions (p on T such 
that 

{\\2 ns <p*W n \\ LP } n > o e£« and { ||2"V * ^n # M n >! G & 

Besov classes admit many other descriptions. In particular, for s > 0, the space Bp q 
admits the following characterization. A function ip belongs to Bp q , s > 0, if and only if 

r ||A n f|| 9 
J / T |l_ r r |i+"/ m ( r ) <0 ° for 1 <0 ° 

and 

sup : — < oo lor q = oo, 

where m is normalized Lebesgue measure on T, n is an integer greater than s and A T is 
the difference operator: (A r /)(C) = /«) - /(C), C € T. 
We are going to use the notation Bp for Bp p . 
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It is easy to see from the definition of Besov classes that the Riesz projection P + , 



is bounded on Bp* and functions in (Bp q 



n>0 
. dcf 



-Bp q admit a natural extension to the 



unit disk D, they are analytic in D and the functions in (Bp q ) + admit the following 
description: 



Jo 



< oo, q < oo, 



and 



/e(^oo) + ^ sup (l-r)" 

^ 0<r<l 



■ S ||/r (ri) ll P <oo, 



where / r (C) = f f( r C) an d w is a nonnegative integer greater than s. 

In a similar way one can define (homogeneous) Besov space Bp q of functions (distri- 
butions) on R. 

We refer the reader to [Pee] and [Pe7] for more detailed information on Besov spaces. 

2.2. Double operator integrals. In this subsection we give a brief introduction 
in the theory of double operator integrals developed by Birman and Solomyak in [BS1], 
[BS2], and [BS3], see also their survey [BS5]. 

Let (Xi,Ei) and (X 2 ,E 2 ) be spaces with spectral measures E\ and E 2 on a Hilbert 
spaces Hi and H 2 . Let us first define double operator integrals 



J J $(A,/i) dE 1 (X)QdE 2 ( f i), 



(2.1) 



X\ X2 



for bounded measurable functions ip and operators Q : H 2 — ► Hi of Hilbert Schmidt 
class S 2 . Consider the set function F whose values are orthogonal projections on the 
Hilbert space S 2 (H 2 ,Hi) of Hilbert-Schmidt operators from Hi to Hi, which is defined 
on measurable rectangles by 

F(A x A)T = E 1 (A)QE 2 (A), Q e S 2 (H 2 ,Hi), 

A and A being measurable subsets of X and y. It was shown in [BS4] that F extends 
to a spectral measure on X\ x X 2 and if ip is a bounded measurable function on A4 x A^, 
we define 

J J $(\,ii)dE 1 {\)QdE 2 { f i)= I ^ $dFjQ. 



Clearly, 



y y ^^dE^QdE^n) 



X\ X2 



< w 



|s 2 - 



s 2 



It is easy to see from the definition of double operator integrals in the case Q G S 2 
that if {$ n } n >i is a sequence of measurable functions such that 

lim $ n (A, n) = $(A, n), \€Xi, n G AT 2 , 

n— >oo 

and 

sup sup |<& n (A, < oo, 

then 



lim 



y J ^ n (X,fi)dE 1 (X)QdE 2 ( f i)- J J <S>(\, f i)dE 1 (X)QdE 2 ( f i) 



X\ X2 X\ X2 

If the transformer 



= 0. (2.2) 

S 2 



q y y ${\, f j,)dE 1 (\)QdE 2 (fi) 

X\ X2 

maps the trace class Si into itself, we say that $ is a Schur multiplier of S\ associated 
with the spectral measure E\ and E 2 . In this case the transformer 

Q ^ J J $(\,(J,)dE 2 (fj,)QdE 1 (X), Q e S 2 (Hi,H 2 ), (2.3) 

X2 X\ 

extends by duality to a bounded linear transformer on the space of bounded linear 
operators from Ji\ to 7i 2 and we say that the function $ on ^ x X\ defined by 

¥(A*,A) = $(A, M ) 

is a Schur multiplier of the space of bounded linear operators associated with E 2 and E\ . 
We denote the space of such Schur multipliers by 9Jl(E 2 ,Ei) 

In [BS3] it was shown that if A is a self-adjoint operator (not necessarily bounded), 
K is a bounded self-adjoint operator and if ip is a continuously differentiable function on 
R such that the divided difference Dip defined by 

A — fl 

is a Schur multiplier of the space of bounded linear operators with respect to the spectral 
measures of A + K and A, then 

<p{A + K) — <p(A) = JJ ^l^M dE A+K (\)K dE A (jj) (2.4) 

RxR 

and 

\\<p(A + K) - (p(A)\\ < const ||(^|| OT ||K||, 

where H^Hon is the norm of ip in %JI(Ea+k, Ea)- 

The same formula (4.1) holds in the case K is a Hilbert-Schmidt operator and ip is a 
Lipschitz function (in this case Dtp is not necessarily defined on the diagonal of R x R 
and one can define Dip to be zero on the diagonal). 
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It is easy to see that if a function <E> on X x y belongs to the projective tensor product 
L co (E)®L co (F) of L°°(E) and L°°{F) (i.e., $ admits a representation 

= J^/n(A)(7n(/"), 

n>0 

where /„ G L°°(E), g n G L°°(F), and 

^ H/nllL^lbnllL^ < Oo), 
n>0 

then <I> G 9Jt(£', F), i.e., $ is a Schur multiplier of the space of bounded linear operators. 
For such functions <& we have 

J J 3>(\, f i)dE(\)QdF( l i)=J2[ J fndEj Q I J g n dF\ . 

x y \x J \y J 

More generally, $ is a Schur multiplier if <J> belongs to the integral projective tensor 
product L 00 (E)(g)iL 00 (F) of L°°(E) and L°°(F), i.e., $ admits a representation 



Jo, 



(2.5) 



where (fi, a) is a measure space, / is a measurable function on X x 0, g is a measurable 
function on ^ x O, and 



||/(-,^)||L°°(E)lb(->^)lk°°(F) do-(^) < oo. 



(2.6) 



If $ G L 00 (E)® i L 00 (F) 1 then 

J J ®{\n) dE(X)QdF(fi) 
x y 

Clearly, the function 



f(\,u)dE(\) Q J g(ji,u)dF(n) | d^w) 
if \.v / \_v 



a; 



f(X,u)dE(X)J Q^j g{n, U )dF{fi) 



is weakly measurable and 



f(X,uj)dE(X) j T g(ji,(j)dF(jj) | d^w) < oo. 

Moreover, it can easily be seen that such functions <& are Schur multipliers of any 
symmetrically normed ideal of operators. 

It turns out that all Schur multipliers of the space of bounded linear operators can be 
obtained in this way. More precisely, the following result holds (see [Pe2]): 

Theorem on Schur multipliers. Let & be a measurable function on X x y. The 
following are equivalent: 



(i) $ e 2K(£,F); 

(ii) $ G L°° (E)®iL°° (F) ; 

(iii) i/iere exist measurable functions f on X xfi and 51 on}/x!] smc/i i/iat (2.5) /10/ds 
and 



|/(-, W )| 2 aV(u/ 



L°°(E) 



\g(-,u)\ 2 da{uj) 



< 00. 



L°°(F) 



(2.7) 



Note that the implication (iii)=^(ii) was established in [BS3]. Note also that in the case 
of matrix Schur multipliers (this corresponds to discrete spectral measures of multiplicity 
1) the equivalence of (i) and (ii) was proved in [Be]. 

It is interesting to observe that if / and g satisfy (2.6), then they also satisfy (2.7), 
but the converse is false. However, if <3? admits a representation of the form (2.5) with 
/ and g satisfying (2.7), then it also admits a (possibly different) representation of the 
form (2.5) with / and g satisfying (2.6). 

Note that in a similar way we can define the projective tensor product A®B and the 
integral projective tensor product A<g>\B of arbitrary Banach functions spaces A and B. 

Similar results also hold in the case of unitary operators. 

2.3. Sufficient conditions and necessary conditions. We state here results in 
the case of unitary operators. Birman and Solomyak proved in [BS3] that if tp is a 
function on the unit circle such that the derivative of <p satisfies a Holder condition of 
order a > then the divided difference ®ip belongs to Wl(E, F), which implies that if U 
and V are unitary operators, then 

9^(0 - <p(t) 



<p(U) - <p(V) 



■II 

TxT 



C 



dEu(C)(U -V)dE v (r) 



and so 

\\(p(U) -ip(V)\\ < const 
i.e., 93 is an operator Lipschitz function. Moreover, it was shown in [BS3] that under the 
same assumptions the function ip is operator differentiable, i.e., if V = e lA U, then the 



function s 



<p(e lsA U) is differentiable and 



d_ 

ds 



(^ Mf, >)L = '(// ^T^^AiE^r)) 



U. 



Later a much stronger result was obtained in [Pe2] . It was shown in [Pe2] that the same 
conclusions can be made under the assumption that <p £ B^. Moreover, it was shown 
in [Pe2] that if <p £ B^, then p belongs to the projective tensor product C(T)(g)C(T) of 
the space of continuous functions on T with itself, i.e., there exist functions /„ and g n , 
n > 1 in C(T) such that 

^ ^ 1 1 fn 1 1 00 1 1 9n 1 1 00 ^ 00 
n>l 

and 



n>l 



This implies that functions in B^ ol are operator Lipschitz and operator differentiable. 
Moreover, this also implies that functions in B] X)l satisfy the inequality 

\\<p{U) - <p(V)\\ s < const \\U-V\\ S 

for arbitrary unitary operators U and V and for an arbitrary symmetrically normed ideal 
S. 

Similar results hold for (not necessarily bounded) self-adjoint operators, see [Pe5] and 
[Pe9]. 

It was proved in [Pe2] that if p is an operator Lipschitz function on T (or if <p is 
operator differentiable), then ip G B\. This implies that 

Y,^ n W n )\ <oo, 

n>0 

and so the condition ip G C 1 (T) is not sufficient for (p to be operator Lipschitz or operator 
differentiable. An even stronger necessary condition found in [Pe2] (see also [Pe6] where 
that necessary condition was reformulated with the help of a remark by S. Semmes) says 
that if ip is operator Lipschitz (or operator differentiable), then 

ip G C = f {if : \V 2 p\ dxdy is a Carleson measure in ED}, 

where V 2 p is the second gradient of the harmonic extension of p to the unit disk. 

M. Frazier observed that actually C is the Triebel-Lizorkin space i^i- Note that the 
definition of the Triebel-Lizorkin spaces F£ on M. n for p = oo and q > 1 can be found 
in [T], §5.1. A definition for all q > 0, which is equivalent to Triebel's definition when 
q > 1, was given by Frazier and Jawerth in [FrJ]. Their approach did not use harmonic 
extensions, but a straightforward exercise in comparing kernels shows that Frazier and 
Jawerth's definition of F^ is equivalent to the definition requiring \V 2 u\dxdy to be a 
Carleson measure on the upper half-space. Our space £ is the analogue for the unit disc. 

It was observed in [Pe3] that if p is an analytic function in (5^ ol ) + , then the divided 
difference Dip belongs to the projective tensor product Ca®Ca of the disk-algebra Ca 
with itself, and so if p G (-^01) + ' t nen f° r arbitrary contractions T and R and an 
arbitrary symmetrically normed ideal S the following inequality holds: 

\\p{T) - p{R)\\ s < const \\T-R\\ S . 

Recently in [KS] it was proved that if ip G Ca-, the the following are equivalent: 

(i) ||v?(J7) — ^ const \\U — V\\ for arbitrary unitary operators U and V; 

(ii) ||</?(T) — p(R)\\ < const \\T — R\\ for arbitrary contractions T and R. 

2.4. Multiple operator integrals. The equivalence of (i) and (ii) in the Theorem on 
Schur multipliers suggests the idea explored in [Pe9] to define multiple operator integrals. 

To simplify the notation, we consider here the case of triple operator integrals; the 
case of arbitrary multiple operator integrals can be treated in the same way. 

Let (X,E), (y,F), and {2,G) be spaces with spectral measures E, F, and G on 
Hilbert spaces Hi, H2, and H3. Suppose that ip belongs to the integral projective tensor 
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product L 0O (£')(8)iL 0O (F)i8) i L 0O (G), i.e., tp admits a representation 

&(\,li,v)= / f(X,u)g(n,uj)h(u,uj)da(u;), (2.8) 

JQ 

where (f2, a) is a measure space, / is a measurable function on X x f2, g is a measurable 
function on ^ x f2, h is a measurable function on Z x $7, and 

/ ||/(",2 ; )||L°°(E)||£'(- ) 2;)l|L°°(F)||^(-,a;)||Loo(G) dcr(x) < oo- 
JQ 

Suppose now that T\ is a bounded linear operator from H2 to and T 2 is a bounded 
linear operator from H3 to 7^2- For a function $ in L°° (E)®iL°° (F)<g>iL°° (G) of the 
form (2.8), we put 

$(A, /x, i/) dE{X)T 1 dF(n)T 2 dG{v) 



x y z 



dcf 



y ^ /(A,u/)d£(A)j T x ^ J gfau) dFfa)j T 2 h{v,u) dG(v)j da{u). (2.9) 

The following lemma from [Pe9] (see also [ACDS] for a different proof) shows that the 
definition does not depend on the choice of a representation (2.8). 

Lemma 2.1. Suppose that ip G L°° (E)®iL°° (F)®iL°° (G) . Then the right-hand side 
of (2.9) does not depend on the choice of a representation (2.8). 

It is easy to see that the following inequality holds 

y y J^^dEWTidFMTzdGM < WLco^co^ico-llTxH-lirall. 
x y z 

In particular, the triple operator integral on the left-hand side of (2.9) can be defined 
if $ belongs to the projective tensor product L ac '(E)®L cc '(F)®L 00 (G), i.e. $ admits a 
representation 

$(A, //,!/) = ^ fn{>)9n{li)hn{v), 
n>l 

where /„ E L°°(E), g n E L°°(F), h n e L°°(G) and 

ll/n||L°o(£)||5n||L°°(F)|||^n||L°°(G) < °°- 

n>l 

In a similar way one can define multiple operator integrals, see [Pe9]. 
For a function 92 on the circle the divided differences D k ip of order k are defined 
inductively as follows: 

£> ^ = <p; 
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if k > 1, then in the case Ai, A2, • • ■ , A^ + i are distinct points in T, 

def (S) fe -V)(Ai,--- ,A fc _i,A fc )-(S fe -V)(Ai,-- - ,A fe _i,A fe+ i; 



(DV)(Ai,-- - ,A fc +i) 



Afc — Afc + i 

(the definition does not depend on the order of the variables) . Clearly, 

Dip = £>V 

If ip G C k (T), then ® k ip extends by continuity to a function defined for all points 
Ai, A2, • • ■ , \k+\- 

It was shown in [Pe9] that if (p £ then D n (p belongs to the projective tensor 

product C(T)<g) ■ ■ ■ (g)C(T). Moreover, it was shown in [Pe9] if U and F are unitary 

V v ' 

n+1 

operators, V = e U, then the function 



t 1 ^ e iM C/ 



has n derivatives in the norm and 



dt n 

< 

=i n n\ 

V 



s=0 



j ■■■ Ji^tp)^,--- ,\ n+1 )dE u (\ 1 )A---AdE u (\ n+l ) 



n+1 / 

The reasoning given in [Pe9] shows that 

^G(Ci) + => ® n <P £ Ca® • • • ®Ca (2.10) 

n+1 

Note that recently in [JTT] Haagerup tensor products were used to define multiple 
operator integrals. However, it is not clear whether this can lead to a broader class of 
functions ip, for which T) n ip can be integrated. 

2.5. Semi-spectral measures. Let TC be a Hilbert space and let (X,B) be a mea- 
surable space. A map £ from B to the algebra B(TC) of all bounded operators on TC is 
called a semi-spectral measure if 

5(A) > 0, A € B, 

£{0) = and £{X) = I, 
and for a sequence {^j}j>i of disjoint sets in B, 

(00 \ AT 
[^J Aj I = lim ^^£(Aj) in the weak operator topology. 
j=i / 7V_>0C j"=i 

If K. is a Hilbert space, (X,B) is a measurable space, E : B — > B(JC) is a spectral 
measure, and TC is a subspace of /C, then it is easy to see that the map £ : B — > -B(7Y) 
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defined by 

5(A) = P n E(A)\H, AeB, (2.11) 

is a semi-spectral measure. Here Py_ stands for the orthogonal projection onto 7i. 

Naimark proved in [N] (see also [SNF]) that all semi-spectral measures can be obtained 
in this way, i.e., a semi-spectral measure is always a compression of a spectral measure. 
A spectral measure E satisfying (2.11) is called a spectral dilation of the semi- spectral 
measure £. 

A spectral dilation E of a semi-spectral measure £ is called minimal if 

K = closspan{£(A)H : A € B}. 

It was shown in [MM] that if E is a minimal spectral dilation of a semi-spectral 
measure £, then E and £ are mutually absolutely continuous and all minimal spectral 
dilations of a semi-spectral measure are isomorphic in the natural sense. 

If ip is a bounded complexed- valued measurable function on X and £ : B — > B(TL) is 
a semi-spectral measure, then the integral 



f(x)d£(x) (2.12) 

J x 

can be defined as 

H, (2.13) 



L 



f(x)d£(x) = P n ^f(x)dE(x)^j 



where E is a spectral dilation of £. It is easy to see that the right-hand side of (2.13) 
does not depend on the choice of a spectral dilation. The integral (2.12) can also be 
computed as the limit of sums 

^2f(x a )£(A a ), x a € A Q , 

over all finite measurable partitions {A a }„ of X. 

If T is a contraction on a Hilbert space H, then by the Sz.-Nagy dilation theorem (see 
[SNF]), T has a unitary dilation, i.e., there exist a Hilbert space K. such that H C K, and 
a unitary operator U on K, such that 

T n = P n U n \H, n>0, (2.14) 

where P-h is the orthogonal projection onto H. Let Ejj be the spectral measure of U. 
Consider the operator set function £ defined on the Borel subsets of the unit circle T by 

£(A) = P H Eu(A)\n, ACT. 

Then £ is a semi-spectral measure. It follows immediately from (2.14) that 

T n = [ Cd£(C) =P H [ C n dEu(0 H, n > 0. (2.15) 

Such a semi-spectral measure £ is called a semi-spectral measure of T. Note that it is not 
unique. To have uniqueness, we can consider a minimal unitary dilation U of T, which 
is unique up to an isomorphism (see [SNF]). 

12 



It follows easily from from (2.15) that 



p(T) = P n [ <p(QdEu(Q 
for an arbitrary function ip in the disk-algebra Ca- 



H 



3. Double operator integrals with respect to semi-spectral measures 

In this section we extend the Birman-Solomyak theory of double operator integrals 
to the case of semi-spectral measures. 

Suppose that (X\,B\) and (X2, #2) are measurable spaces, Hi and H2 are Hilbert 
spaces, and £ 1 : B\ — > B(Hi) and £2 ■ B2 — > B(H,2) are semi-spectral measures. For a 
bounded measurable function $ on ^ x ^2 and an operator Q : ^2 — > Hi we consider 
double operator integrals 

J J <S>{x 1 ,X2)d£ 1 {x 1 )Qd£2(X 2 ). (3.1) 

X 1 xX 2 

In the case when Q is a Hilbert-Schmidt operator, integrals of the form (3.1) can be 
interpreted as in the case of double operator integrals with respect to spectral measures 
(see § 2.2). Indeed, we define the map J 7 on the set of all measurable rectangles Ai x A2 
by 

T{A l x A 2 )Q = £ 1 {A 1 )Q£ 2 (A 2 ), Q G S 2 (H 2 ,Hi). 
Clearly, .F(Ai x A2) is a bounded linear operator on £2(^2,^1) that satisfies the in- 
equalities < ^"(Ai x A 2 ) < I. 

Lemma 3.1. F extends to a semi- spectral measure on B\ x #2- 

Proof. Let E\ and E2 be spectral dilations of £\ and £2 on Hilbert spaces K.\ and 
K.2- Define the map F on measurable rectangles Ai x A2 by 

F(Ai x A 2 )Q = E 1 (A 1 )QE 2 (A 2 ), Q G S 2 (W 2 ,Wi). 

By the theorem of Birman and Solomyak (see [BS4]), F extends to a spectral measure 
(which will also be denoted by F) defined on X\ x X2. Clearly, 

t(a 1 x a 2 )q = p Hi f(a 1 x a 2 )(p Wi qp W2 )|h 2 , q € s 2 {n 2 ,n 1 ). 

We can define now the operator F(fl) for an arbitrary f2 G X\ x X2 by 
^)Q = P Wi F(17)(P Wi QP W2 )|h 2 , Q G S 2 (H 2 ,Hi). 

It is easy to see that T is a semi-spectral measure on the Hilbert space S 2(^.2, 7~t\). ■ 
Given a bounded measurable function on X\ x X2 and a Hilbert-Schmidt operator 
Q : Ti.2 — » Hi, we can define the double operator integral 

^ $(xi,x 2 )d£i(xi)Qd£ 2 (x 2 ) 
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as in the case of integration with respect to spectral measures: 



X X xX 2 

It is easy to see that 



I! <f>(x 1 ,X2)d£ 1 (x 1 )Qd£ 2 (x 2 ) = ( f $dA Q. 

J J \Jx 1 xX 2 / 



J J ^(x 1 ,x 2 )dS 1 (x 1 )QdS 2 (x 2 ) = P Hl J J Hx^x^dE^x^QdE^)^. 



X X xX 2 

Clearly, 



^1X^2 



J J <$>{xi,x 2 )d£i{xi)Qd£ 2 {x 2 ) 



X- L xX 2 

We need the following fact. 



< sup \$(x 1 ,x 2 )\ ■ \\Q\\s 2 . (3.2) 

xieX\,x 2 ex 2 



s 2 



Lemma 3.2. Suppose that £\ and £ 2 are semi-spectral measure as above and Q is a 
Hilbert- Schmidt operator. If {& n } n >i is a sequence of measurable functions such that 



and 



then 



lim 

n^oo 



lim $ n (A,/x) = $(A,/i), A € X u fie X 2 , 



sup sup |$ n (A,/x)| < oo, 

n \,[i£X 1 xX 2 



J J <S> n (\,fi)dE 1 (X)QdE 2 ( f i)- J y$(A, M ) dE 1 (\)QdE 2 (fi) 



X\ x 2 



Xi x 2 



0. 



s 2 



Proof. The result follows immediately from the same fact in the case of spectral 
measures, see (2.2). ■ 

Let us proceed now to double operator integrals (3.1) with bounded operators Q. 

Suppose that £\ and £ 2 are semi-spectral measures and E\ and E 2 are their minimal 
spectral dilations. If $ is a Schur multiplier of the space of bounded linear operators, 
then the double operator integral 



<5(xi, x 2 ) d£i(xi)Q d£ 2 (x 2 ) 



(3.3) 



X!XX 2 



is defined as 



P Hl jj <5>(x 1 ,x 2 )dE 1 (x 1 )QdE 2 (x 2 )\H 2 . 



X- L xX 2 



It is easy to see that if $ € L°° {E^iL 00 {£ 2 ) and 

$(xi,x 2 )= / f(xi,Lo)g(x 2 ,Lo)da(u) 
Jn 
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with 

/ ll/(-^)llL-(£i)llf(-,^)llL-(£: 2 )^(^) < oo, 
Jn 

then $ is a Schur multiplier of the space of bounded linear operators, the integral (3.3) 
is equal to 

J f(x 1 ,u)d£ 1 (x 1 ) J Q I Jg(x 2 , u) d£ 2 (x 2 ) J da(uj) 
n \Xj I \x 2 I 

and its norm is less than or equal to 

IMI / \\f(;u;)\\ L ^ {£l) \\g(;u;)\\ L ^ {£2) da(u;). 
Jn 

We can define now multiple operator integrals in the same way as in the case of 
semi-spectral measures. Suppose that 0.1,0.2,"' ->O n are a Hilbert spaces and for 
j = 1,2, ■•• ,n — 1, Qj is a bounded linear operator from Oj+i to Oj. Suppose 
also that £±, ■ ■ ■ ,£ n are semi-spectral measures defined on cr-algebras of X\,--- ,X n , 
£j takes valued in the space B(Oj), and <I> is a function on X\ x • • • x X n of class 
L°°(£i)®i ■ ■ ■ (g) i L 00 (<S n ), i.e., $ admits a representation 

■■ ,x n ) = / /i(xi,w)---/„(x n ,u;)c?cr(cj), (3.4) 
Jn 

in which 

||/i(,-,w)|| £ oo( £l ) ■■■ ||/ n (,-,a;)|| L oo ( £: n )dcr(a;) < oo. (3.5) 



/ 



in 

We define the multiple operator integral 



J ' ■■■ J $(xi,-- - ,x n ) d£i{xi)Qi ■ ■ ■ Q n -i d£ n {x n ) 

n 

as 

/ ( / fi(xi,u)d£i(xi))Qi---Qn-i[ / fi(x n ,uj)d£ n (x n )\ da(uj). (3.6) 
Jn \Jxi J \Jx n J 

Certainly, we have to prove that the multiple operator integral is well defined. In other 
words, we have to show that the value of (3.6) does not depend on the choice of a 
representation (3.4), which is a consequence of the following lemma. 

Lemma 3.3. Suppose that 

\ fi(xi,uj)--- f n (x n ,uj)da(uj) = 0, xi G X u ■ ■ ■ ,x n G X n , 
Jn 

and (3.5) holds. Then 

/ ( / fi(xi,u) d£i(xi) ) Qi ■ ■ ■ Qn-i ( / f n {x n ,u)d£ n {x n ) ) da{u) (3.7) 
Jn \Jxi J \Jx n J 



is the zero operator. 
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Proof. We deduce the lemma from the corresponding fact for multiple operator 
integrals with respect to spectral measures. Suppose that Ej is a minimal spectral 
dilation of Sj and Ej takes values in 2?(/C). Then the integral in (3.7) is equal to 

Pn [J x fi(x 1 ,u)dE 1 (x 1 )jB 1 ---B n - 1 ^J x f n {x n ,uj)dE n {x n )^j da(ufj \u, (3.8) 

dcf 

where Bj = PHjQjPn J+ n 1 < J < n — 1. It follows now from Lemma 2.1 that the 
operator in (3.8) is the zero operator. ■ 



4. Analogs of the Birman Solomyak formulae 



In this section we obtain analogs of the Birman-Solomyak formulae (1.5) and (1.6) 
for contractions. 

If T is a contraction on Hilbert space, then St denotes a semi-spectral measure of T. 
Recall that if <p' G Ca, the function Vip extends to the diagonal 

A d ^ f {(C,C): CGT} 
by continuity: (XV)(CC) = C G T " 

Theorem 4.1. Let ip € (Bl ol ) + . Then for contractions T and R on Hilbert space the 
following formula holds: 

<p(T) - <p(R) = JJ ^~^ (r) dS T (Q (T - R) dS R (r). (4.1) 

TxT 

Recall that it follows from the results of [Pe2] that the function T>(p belongs to the 
projective tensor product Ca®Ca (see §2.2), and so the right-hand side of (4.1) is well 
defined. 

Proof of Theorem 4.1. Suppose that 

^ n>0 

where /„ G Ca, 9n G Ca, and 

^ ^ 1 1 fn 1 1 oo 1 1 9n 1 1 oo < 00 • 

n>0 

We have 

/ / ^~ y(T) ^ T (C)(T - i?) d£ fl (r) = J] UT)(T - R)g n (R) 

JJ ^ n>0 

Y,Tfn{T)g n {R) -J2fn(T)g n (R)R- 



TxT n -° 



n>0 n>0 
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Clearly, 

Y,Tfn{T)g n {R) = jj Un{C,)9n{r)d£ T {Qd£ R {T) = jj ((%)((, r) d£ T (() d£ R (r) 



n>0 TxT TxT 



and 



J]/„(T) 5n (i?)i? = || fn(09n(r)Td£ T (C)d£ R (r) = jj r(V<p)((, r) d£ T (() d£ R (r). 

n>0 TxT TxT 



Thus 



jf{V V ){C,T)d£ T {C){T-R)d£ R {r) = jj t) d£ T (() d£ R (r) 

TxT 

jj T{V^){C,T)d£ T {Qd£ R {T) 



TxT TxT 



TxT 



jj((-T)(V<p)((,T)d£ T (Od£ R (T) 

rxT 

|| (^(C)-y(r))dSr(C)dffl(r) 



TxT 

= (^(T)-^( J R). ■ 

Let us consider the case when T — i? G S2. The following result establishes formula 
(4.1) for functions with derivatives in Ca. 

Theorem 4.2. Let if be a function analytic in D such that (p' G Ca- If T and R are 
contractions such that T — R G S^2; then formula (4.1) holds. 

Proof. Let {(p n } n >i be a sequence of polynomials such that 

\\ip' — <^[j||oo as n — > oo. 

It follows from Theorem 4.1 that 

¥n{T) - MR) = jj ^~^ (T) d£ T (C) (T - i?) d£ fl (T). 

TxT 

By von Neumann's inequality, 

lim \\<p n (T) - <p(T)\\ -» and lim ll^Ji?) - <p(i2)|| -> 0. 

The result follows now from the trivial observation that 

sup \(Dip n )((,T) - (Dip)((,T)\ -> as rc->oo 

C.rGT 

17 



which implies that 



lim 

n^oo 




(ZtynXCr) - (V l p)(C,r))dS T (0 (T-R) d£ R (r 



TxT 



0. 



s 2 



Consider now the more general case when ip' G H°°. 

Theorem 4.3. Let ip' G ^T 00 one? let $> 6e i/ie function on T x T defined by 



A = 0. 



(T x T \ A) = (XV) (T x T \ A) and $ 
I/T and i? are contractions such that T — R £ S2, then 

<p(T)-<p{R) = JJ$((,T)d£ T (0 (T-R)d£ R (r). 



(4.2) 



TxT 



Proof. Let ip n be the nth Cesaro mean of the Fourier series of ip. Then ip n G (-B^i) 
and by Theorem 4.1, 

MT) ~ MR) = JI MC ^ w(T) d£ T (Q (T - R) d£ R (r) 

TxT 

= jj {MO -Mr)) d£ T (C)d£ R (r) 

TxT 

= // {MC)-Mr))d£ T (C)d£ R (T). 

(TxT)\A 

The same reasoning as in the proof of Theorem 4.1 shows that 
MO - Mr) 



SI 



C-r 



d£ T (C)(T-R)d£ R (r)= J! (M0-Mr))d£ T (0d£ R (i 



(TxT)\A (TxT)\A 

Clearly, \\(p n — (p\\oo — > as n — > 00, and so by von Neumann's inequality, 

MT) - MR) -> - 

in the operator norm. 
On the other hand, since 

lim ^(0-^(r) = M)~M) 7 C)T€T) 

n^oo Q — T Q ~ T 



and 



sup sup 

n f,rGT 



<£>n(C) ~M T ) 



C-r 
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< OO, 



it follows from Lemma 3.2 that 



C-T C-T 

(TxT)\A 

as n — > oo. 

To complete the proof, it remains to observe that 
<P(Q ~ <P( T ) 



dS T (Q (T-R)dS R (r) 



s 2 



II 



(TxT)\A 



C-T 



d£ T {() (T-R) d6 R (r) 



//*«• 



r)d£ T {C) (T-R)dS R (r) 



TxT 



The following result is an immediate consequence of Theorem 4.3; it was obtained 
recently in [KS] by a completely different method. 

Corollary 4.4. Suppose that ip is a function analytic in ID such that ip' G H°° . IfT 
and R are contractions on Hilbert space such that T — R G S2, then 

<p(T) - <p(R) G S 2 and \\<p(R) - <p(T)\\ Sa < W\\h°° \\T - R\\s 2 . 

Let us obtain now analogs of formula (1.6). 

Theorem 4.5. Let ip G (-E^i) + ■ Then for a contraction T and a bounded linear 
operator Q on Hilbert space the following formula holds: 

<p(T)Q - Q<p(T) = JI ^)~^ r ) d S T (C) (TQ - QT) d£ T (r). 

TxT 

The following result is a Hilbert-Schmidt version of Theorem 4.5. 

Theorem 4.6. Let ip' G H°° and let $ be the function on T x T defined by (4.2). 
Suppose that T is a contraction and Q is a bounded linear operator such that 

TQ-QTG S 2 - (4.3) 



Then 



ip(T)Q - Q(p{T) = jj $(C, r) d£ T (Q (TQ - QT) d£ T (r). 



TxT 

Theorems 4.5 and 4.6 can be proved in the same way as Theorems 4.1 and 4.3. 
The following inequality is an immediate consequence of Theorem 4.6; recently it was 
proved in [KS] by a different method. 

Corollary 4.7. Suppose that ip' G H°°, T is a contraction and Q is a bounded linear 
operator on Hilbert space such that (4.3) holds. Then 

ip(T)Q - Q<p(T) G S 2 

and 

\\<p(T)Q - Q<p(T)\\g 2 < \y\\ H ~\\TQ-QT\\ S2 . 
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5. Differentiability of operator functions in the operator norm 



Let T and R be contractions on a Hilbert space H. For t G [0, 1], consider the operator 
T t denned by 

T t = (l-t)T + tR. (5.1) 

Clearly, T t is a contraction. 

In this section for a functions ip G Ca we consider the problem of differentiability of 
the function 

t^<p(T t ), < i < 1. (5.2) 

and the problem of the existence of higher derivatives. We also compute the derivatives 
in terms of multiple operator integrals with respect to semi-spectral measures. 
Let St be a semi-spectral measure of T t on the unit circle T, i.e., 



T t n = j ( n d£ t ((), n>0. 



Put £ = So. 



Theorem 5.1. Suppose that ip G {B^^ . Then the function (5.2) is differentiable 
in the norm and 

d 



ds 

Proof. We have 



i-y{T s ) g=t = J J ^ _ 1 {T) d£ t (() (R - T) d£ t {r) 

TxT 



\(v{T t+ s) ~ <p(T t )) = \JJ ^_^ (T) d£ t+s (C) (T t+S ~ T t ) d£t{r) 

TxT 

= // ^°--l {T) d£ t+s {Q{R-T)d£ t {r). 

TxT 

As we have mentioned in § 2.3, it was shown in [Pe2] that ®<p admits a representation 

^^ = E«<) 9 », (5.3) 

n 

where f n , g n G Ca and 

^2\\fn\\oo\\9n\\oo < OO. (5.4) 

n 
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The following identities hold: 

y( ^~^ (r) d£ t+s (Q (R - T) d£ t {r) = E // fn(C)9n(r) d£ t+s (() (R - T) d£ t {r) 

n TxT 

= J2fn(T t+s )(R-T)g n (T t ). 



TxT 



Clearly, 



iim||/ n (r t+s )-/ n (r)||=o 



and in view of (5.4), 

lim -(^(T t+s ) -<p(T t )) = J2fn(Tt)(R-T)g n (T t ) 

n 

in the norm. It remains to observe that by (5.3), 

lim V f n (T t+s )(R - T)g n (T t ) = £ f n (T t ){R - T)g n {T t ) 



s- 

n 



= E // /n(C)5n(r) dfit(C) (A " r) d£t(r) 

n TxT 

= // ^:^ (T U (C)(fl-r)d£e(r). ■ 

TxT 

In what follows to simplify the notation, we will not specify the domain of integration: 
all double or multiple integrals will be taken over unit tori. 

Theorem 5.2. Let </? £ (B% ol ) + . Then the function (5.2) has second derivative in 
the norm and 

^(T s )\ s=t = 2 IU (2>V)(C, r, v) d£ t (C) (R - T) d£ t {r) (R - T) d£ t (v). (5.5) 

Proof. We prove (5.5) for t = 0. For all other t the proof is the same. By Theorem 
5.1, 

=\(^jj (2VXC, d£t(C) (i? - T) d£ t (t;) - J J (2V)(r, „) d£(r) (i? - T) d£(„) 
(2V)(C, v) d£ t (C) (fl - T) d£ t (v) - J J (2V)(r, v) d£(r) (R - T) d£ t (v 
(D^)(C, (C) (i? - T) d£(„) - J J (2V)(C, r) (C) (i? - T) d£(r 



t 

+ 
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We have 




J f (2) V )(C, v) d£ t (() (R - T) d£ t (v) - fj (2ty)(r, v) d£(r) (R - T) d£ t (v) 

JJJ (2V)(C, v) d£t(C) d£(r) (R - T) d£ t (v) 

(Dip) (r, v) d£t(Q dS(r) (R - T) dS t (v) 

(S>V)(C, r, v)(( - r) dS t (Q d£(r) (R - T) dS t (v) 

= tfJJ (S>V)(C, t, v) d£ t (0 (R - T) d£(r) (R - T) d£ t (v). 
Similarly, 

J f (2V)(C, v) d£(Q (R - T) d£ t {v) - J J (2V)(C, r) d£(() (R - T) d£{r) 
= tfJJ (D V)(C, t, v) d£(()(R - T) d£(r) (R - T) dE t (v). 




Thus 

1 ( d_ 

I [ds 



= jjj (©V)(C, r, d£(C) (i? - T) d£(r) (R - T) d£ t (v) 

+ jjj (2) V)(C, r, df(C) (i? - T) df(r) (i? - T) 

As we have mentioned in § 2.4, it follows from the results of [Pe9] that 
® 2 ip G Ca i S>Ca < S>Ca, i-e., there exist sequences {/ n }, {g n }, and {h n } in such that 

(® 2 <p)((,T,v) = J2fn(09n(T)h n (v) 

n>0 

and 

XI ll/n||oo||5n||oo||^n||oo < OO. (5.6) 
n>0 

Put 

Q d = R- T. 

We have 

'(S^lC^j^fOQ^MQ^M = Y,fn{T t )Qg n {T)Qh n {T t ). 

n>0 
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It follows from (5.6) that 

KmJTf n (T t )Qg n (T)Qh n (T t ) = £ f n (T)Q g n (T)Q h n (T) 



n>0 n>0 



in the operator norm. 
Thus 



lim / / / (2>V)(C, t, v) d£ t (Q Q d£{r) Q d£ t (v) 



Similarly, 



= J2fn(T)Qg n (T)Qh n (T) 

n>0 

= JJJ (£ V)(C, t, v) d£{QQ d£(r)Q d£(v). 

lim JJJ (ID V)(C, r, d5(C) Q d£(r) Q d£ (u) 

= /// (S)2 ^ )(C ' T ' W) d£ ^ Q d£ ^ Q d£ ^ 

which proves the result. ■ 

The same method allows us to prove the following generalization of Theorem 5.2. 

Theorem 5.3. Suppose that tp G (B^ ol ) + . Then the function (5.2) has nth derivative 
in the norm 

^{T s )\ s=t = n[ J - J (®»(Ci, ■ • • , Cn+i) d£ t ((i) (R-T).--(R-T) d£ t (( n+1 ). 

n+1 



6. Differentiability of operator functions in the Hilbert Schmidt norm 

Suppose that T and R are contractions on Hilbert space such that T — R 6 S2- We 
are going to obtain in this section results on the differentiability of the function (5.2) in 
the Hilbert-Schmidt norm. 

Theorem 6.1. Let tp be a function analytic in D such that if' € Ca- Suppose that T 
and R are contractions on Hilbert space such that T — R £ S2 and and T t is defined by 
(5.1). Then the function (5.2) is diff'erentiable in the Hilbert-Schmidt norm and 



where £ is a semi-spectral measure of T . 
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Proof. Let <p n be the nth Cesaro mean of the Taylor series of (p. Then \\<p' n — <p'\\oo 
as n — > oo. Let St be a semi-spectral measure of T t . We have 



= II ~ iPn<yT " > 



dS s (C) (R-T)dS(T) 



C-r 



dS s (Q (R-T) dS{r) 



+ 



II 



(<P ~ <Pn)(C) ~(<P- <Pn)(T) 



dS s (Q (R-T)dS(r) 



Let e > 0. There exists a natural number iV such that 

(<P ~ fn)(C) ~(<P- <Pn)(r) 



sup 



C-r 



< e 



(6.1) 



whenever n > N. 

Let n> N. Since y> n is a polynomial, it is easy to see that 



tends to 



// 



<Pn(C) ~ <Pn(T) 
C-T 

<Pn(C) ~ <Pn(r) 

C-r 



dS s (Q (R-T)dS(r) 



dS(() (R - T) dS(r) 



in the Hilbert-Schmidt norm. Let 5 > be a number such that 

¥n{Q-Vn(r) . . [ [ <Pn(() ~ <Pn(r) 



c 



■|^d£.(0 (R-T)dS(r)- JJ ■ 



C-r 



dS(0 (R - T) dS{r) 



< e 



whenever s < 5. 

To conclude the proof, we observe that inequalities (6.1) and (3.2) imply that 



and 



// 



(<P ~ <Pn)(Q ~(<P- fn)(r) 

C-r 

(<P-<Pn)(() ~ (<p-<p n )(r) 



C-r 



dSs(C) (R-T)dS(T) 



dS(C) (R - T) dS(r) 



< e 



s 2 



< e 



s 2 



whenever n > N, and so 



\ {<p(T.) - <p(T)) - J! ^ _ f T) dS(C) (R - T) dS(r) 



< 3e 



s 2 



whenever s < S. 
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